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Abstract In this paper we examine the pore space geometry and topology of
a North Sea sandstone reservoir rock based on multi-scale scanning electron mi-
croscopy (SEM). The reservoir was subjected to extensive diagenesis which has
resulted in a complex pore space with a wide range in pore sizes. We quantify the
pore size and pore coordination number distributions and we find that the mean
and standard deviation of the coordination number are power law functions of
pore radius, where the scaling exponent varies from 0.3 to 0.5. We present a 2D
stochastic algorithm to generate a pore network based on statistical information.
The algorithm incorporates the concept of a weighted planar stochastic lattice
which is a construction that naturally leads to scale-free character with power law
behaviour. We validate the algorithm against SEM imaging by showing that it can
reproduce the observed clustering and a realistic spatial distribution of pore space
elements. We also try to explore the relationship between fluid flow properties of
reservoir rock and 2D pore image features.
Keywords porous media · pore network · SEM imaging · multi-scale
1 Introduction
Over the last 20 years there have been substantial advances in many pore scale
imaging, characterisation and modelling techniques (Blunt et al., 2013; Bultreys
et al., 2016). One of the key goals of these techniques is to obtain pore structure
information and determine macroscopic properties such as porosity, permeability,
capillary pressure and relative permeability based on the microscopic structural
information and physical properties of the fluids. Pore scale models of natural
porous media are increasingly being used for engineering purposes in the evaluation
of oil and gas resources and environmental engineering such as water resource
management and carbon dioxide storage.
There has been considerable success in the prediction of multi-phase flow prop-
erties (capillary pressure and relative permeability) for homogeneous rocks with
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narrow pore size distributions such as Berea or Fontainebleau sandstones (Øren
et al., 1998; Patzek, 2001). However, more complex sandstones containing substan-
tial cements, clays and grain dissolution (secondary porosity) typically have much
wider pore size distributions and still remain a significant challenge (Bashtani
et al., 2016; Lai et al., 2018).
Complex sandstones typically have a long geological history and have been
deeply buried (2000-5000 m). The porosity and pore space topology is strongly
influenced by diagenetic processes such as carbonate cementation, quartz over-
growths and pore filling clays (e.g. kaolinite, illite and chlorite). Porosity is re-
duced by compaction, cementation and authigenic clays. Diagenesis typically cre-
ates smaller and more disconnected pores (Cook et al., 2011). The combination of
multiple, complex processes results in a wide range in pore sizes (Lai et al., 2018).
The traditional concepts of pore body and pore throat can be difficult to apply in
complicated reservoir rocks.
In our work, we have used multi-scale SEM for 2D imaging and X-ray micro
computed tomography (micro-CT) for 3D imaging (Bultreys et al., 2016). All
technologies have a trade-off between resolution and field of view, but this can be
more of a problem for micro-CT imaging since it has a more limited resolution
and sample volume. We used micro-CT to image a 3D volume of about 1 mm3 at
circa 1 µm/voxel. In comparison, our SEM images cover an area of up to 6 mm2 at
0.2 µm/pixel. SEM imaging is also faster and lower cost than micro-CT, hence a
larger number of samples can be analysed within the same time frame and budget.
High resolution is important to image the smallest pore features but a large field
of view is also important to capture the largest pores.
Although it is possible to study pore space morphology and extract pore space
models directly from 3D micro-CT volumes (Silin and Patzek, 2006; Lindquist
et al., 1996; Rabbani et al., 2014), such models are limited by the inherent res-
olution and field of view of the data. To incorporate high resolution information
from SEM imaging, a number of authors have developed voxel based 3D recon-
struction algorithms based on 2D training images (Manwart et al., 2000; Keehm
et al., 2004; Wu et al., 2004; Tahmasebi and Sahimi, 2012; Naraghi et al., 2017).
These methods still have a limitation in that an unfeasibly large number of voxels
will be required to capture 3 to 4 orders of magnitude variation in pore sizes.
Many carbonate systems also have a wide range of pore sizes (Youssef et al.,
2007; De Boever et al., 2012; Freire-Gormaly et al., 2015). Typically, these porous
media exhibit multiple porosity and multi-modal pore size distributions e.g. macro-
pores created during primary deposition and micropores created by subsequent
partial dissolution or cementation. A number of approaches for generating multi-
scale pore space models have been proposed for these systems (Be´kri et al., 2005;
Okabe and Blunt, 2007; Jiang et al., 2013; Bultreys et al., 2015). All of these
methods essentially create networks at different scales from different resolution
images and then join them together in some way. In sandstones, the combination
of multiple diagenetic processes can create a wide range of pore sizes without nec-
essarily being multi-modal. Accordingly, we seek an efficient continuous modelling
methodology that avoids making distinctions at different scales.
Instead of linking different models at different scales or generating a very large
high resolution image and extracting its pore network, we propose to construct a
stochastic pore network directly using statistical information from high resolution
images. In principle, such a process can incorporate information from multiple 2D
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and 3D images at a range of resolutions. High resolution 2D imaging can be used
to capture pore size information and connectivity information from 2D can be
validated against 3D micro-CT data (at a lower resolution). Also, Rabbani et al.
(2016) have published an empirical correlation between 2D and 3D coordination
numbers for isotropic porous media. This would suggest it is possible to estimate
the 3D connectivity function from 2D information. Having said this, we do not
think that multiscale SEM imaging is a replacement for 3D micro-CT imaging. The
techniques are complementary, with SEM imaging providing superior multiscale
pore size information and micro-CT imaging providing superior 3D connectivity
information.
A number of authors have published stochastic pore network generation algo-
rithms. These generally fall into two categories. Firstly, algorithms that (implic-
itly or explicitly) assume the pore space is simple and the pore size distribution
is not too wide (Idowu and Blunt, 2008; Jiang et al., 2012). These algorithms
honour connectivity information such as the coordination number distribution or
the connectivity function (Vogel and Roth, 2001) but they assume that pore bod-
ies (network nodes) are uniformly distributed in space. These algorithms have
successfully constructed networks that reproduced multi-phase flow functions for
simple homogeneous sandstones. The second group of algorithms are based on the
concept of heterogeneous preferential attachment (HPA) (Santiago, 2008; Yakubo
and Koroak, 2011) which is an extension of the Barabasi-Albert (BA) model of
heterogeneous networks (Barabasi and Albert, 1999). These algorithms are fun-
damentally modelling heterogeneous networks and they lead to the emergence of
scale-free character with a power law behaviour. The HPA concept results in net-
works where the probability of coordination number Z is P (Z) ∝ Zα where α
is a scaling exponent. Although these models have been applied to complex soil
systems and successfully reproduce observed power-law behaviour, it has not been
demonstrated that they can reproduce multi-phase flow behaviour.
Our stochastic algorithm is inspired by the weighted planar stochastic lattice
(WPSL) (Hassan et al., 2010) which is a structure displaying scale-free character
with power law behaviour but we also incorporate explicit connectivity informa-
tion as per Jiang et al. (2012). The algorithm has some similarities with the multi-
plicative cascade algorithm used to model fractures (Verscheure et al., 2012). The
WPSL algorithm is detailed below.
In this work, we present a pore space characterisation case study for a North
Sea sandstone reservoir that was buried to depths up to 3000 m and subjected to
extensive diagenesis. The principal geological formations are the Upper Jurassic
Fulmar sandstone and the Triassic Skagerrak. The Fulmar formation is a highly
bioturbated shallow marine sandstone divided into three main units (upper, middle
and lower) and comprising of two main facies classes (Cannon and Gowland, 1996).
The first facies class is bioturbated, silty sandstones and the second facies class is
bioturbated, coarse grained sandstones deposited in a high energy wave/current
environment. The Skagerrak consists of red sandstones and shales deposited in a
fluvial and alluvial environment. The main reservoir intervals are upwards fining
laminated sand channels, ranging from clean coarse grained at the base to fine
grained muddy sands at the top (Akpokodje et al., 2017).
Figure 1 shows a scanning electron microscope (SEM) image of a sample from
the Skagerrak formation. Cements and clays are evident plus secondary porosity
created by partial grain dissolution. Figure 2 shows mercury injection capillary
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pressure (MICP) data from three different core plug samples. Typically, samples
contain a range of pore throat sizes of 2 to 3 orders of magnitude.
Fig. 1 SEM image of Skagerrak sandstone sample
Fig. 2 MICP data from three core plug samples
In this paper we discuss the characterisation results from 2D imaging and the
stochastic pore network algorithm in 2D. The extension to 3D and prediction of
multi-phase flow properties will be addressed in future work.
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2 Multi-Scale Image Acquisition and Processing
2.1 Acquisition
Ten core plug samples were selected for analysis and one polished block was cre-
ated for each sample. The samples were selected to capture a representative range
of porosity and permeability for each zone with reference to a cross-plot of perme-
ability vs porosity for all available samples (Figure 3). The sample selection was
biased towards the Skagerrak and Lower Fulmar because these zones are much
thicker than the Upper and Middle Fulmar. No rigorous statistical analysis was
performed to select the samples.
Fig. 3 Cross plot of measured permeability and porosity for all plug samples
A subsample of each core plug was cut, this was injected with resin under
vacuum and then polished until optically flat. The polished blocks were imaged
with two instruments: Topcon ABT-60 SEM and Carl Zeiss GeminiSEM 300. All
SEM images were acquired at multi-scale from the backscattered electron (BSE)
detector.
Basic properties of the samples are given in Table 1. Porosity, permeability and
capillary pressure were not measured as part of this work. These properties were
measured previously and the data provided by the project sponsor with the sam-
ples. Porosity was measured by helium porosimeter, permeability was measured
by nitrogen permeameter and the data were Klinkenberg corrected by the labo-
ratory. The laboratory report does not provide any information on experimental
errors. The precision of 3 significant figures is consistent with the data presented
in the laboratory report. The variation between samples from the same zone is a
reflection of geological heterogeneity.
6 Scott et. al.
Macro porosities were determined from air-brine capillary pressure or MICP
data where macropores (micropores) are defined as those larger (smaller) than 0.2
µm. Note that, for the low permeability samples (77 and 124), around two-thirds of
the pore space is classified as microporosity which cannot be imaged by micro-CT
or the high resolution SEM used in this work. This would require higher resolution
SEM to reveal the micropore information.
Table 1 Rock sample properties; macro porosity is obtained from capillary pressure measure-
ments and means pores larger than 0.2 µm
Sample Zone Helium Macro Permeability
Porosity Porosity (mD)
5 Upper Fulmar 24.8% 16.2% 46
44 Middle Fulmar 28.3% 22.7% 557
77 Lower Fulmar 14.2% 5.3% 2.7
93 Middle Fulmar 17.6% 13.6% 100
124 Lower Fulmar 18.2% 5.3% 1.2
130 Lower Fulmar 24.5% 16.7% 23
167 Skagerrak 24.5% 19.1% 270
200 Skagerrak 23.6% 15.8% 68
210 Skagerrak 22.8% 12.5% 5.8
367 Skagerrak 16.2% 10.4% 45
Two multi-scale SEM imaging strategies were employed in this work. Firstly,
all ten samples were imaged using the Topcon ABT-60 SEM at a range of mag-
nifications with the same image size (1400 Ö 862 pixels). Generally, four images
were captured at each of four magnifications, corresponding to spatial resolutions
of 2.12, 1.06, 0.53 and 0.27 µm per pixel. This is a rapid process as each image can
be captured in less than two minutes. These images were used in a downscaling
algorithm which progressively adds detail from higher magnification images into
the lowest magnification image to result in a final image with a high spatial reso-
lution and a wide field of view. Details of the downscaling algorithm are given in
Appendix A. The downscaling was applied twice for each sample to generate two
final images based of different intermediate images. The final downscaled images
have a spatial resolution of 0.27 µm per pixel and an image size of 8800 Ö 6400
pixels.
Secondly, a single wide field, high resolution image was acquired for each of
five samples using the Carl Zeiss GeminiSEM 300. These images have a spatial
resolution of 0.17 µm per pixel and an image size of 16384 Ö 12288 pixels. The
acquisition time for each image was about 3 hours as they have a large size.
2.2 Segmentation
The greyscale SEM images were segmented by applying a threshold. We investi-
gated Otsu’s method (Otsu, 1979) of segmentation, but this quite often resulted
in porosity greater than the measured helium porosity. Instead, the segmentation
threshold was determined by taking a fraction of the interval between two peaks
of the pixel intensity histogram. An example for plug 367 is shown in Figure 4.
The first intensity peak corresponds to the pore space (near black) and the second
Multi-scale image based pore space characterisation 7
peak corresponds to the quartz matrix (light grey). The selected threshold was
equal to the intensity of the first peak plus 10% of the interval between the first
and second peaks. For the downscaled images, which have lower image resolution,
the threshold was the intensity of the first peak plus 30% of the interval between
the peaks.
Fig. 4 Plug 367 high resolution image pixel intensity frequency histogram and cumulative
intensity, showing threshold and resulting porosity from (i) Otsu’s method and (ii) the proposed
method
There was some residual noise after segmentation, therefore we applied a filter
to remove isolated pixel clusters (islands) of 4 pixels or less. The filter removes
both small black areas (isolated porosity) and small white areas (floating particles).
Small pores which are connected are retained. The filter substantially reduces the
number of isolated pixel clusters with minimal impact on the porosity. Note that
the filter preserves information below 1 µm and is not equivalent to removing pores
of diameter 4 pixels or less because those features are likely to be rounded and
will consist of more than 4 pixels.
Figure 5 compares the porosity from SEM imaging with the macro porosity
from capillary pressure data. Generally, we find there is agreement within ±3
porosity units (PU). The capillary pressure data were measured on whole core
plug samples whereas the SEM images cover a much smaller area, therefore the
differences in porosity estimates may indicate some heterogeneity at the core plug
scale.
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Fig. 5 Porosity from SEM image analysis vs macro porosity from capillary pressure data
3 Pore Space Characterisation
3.1 Methodology
In this work we have characterised the pore space by discretising it into elements
and performing a statistical analysis of the elements. The definition of a pore space
element is a little arbitrary, but each element is based on an inscribed circle which
touches the pore wall in at least two separate places (generally on opposite sides).
The Euclidean distance map is the Euclidean distance from each pore space pixel
to the nearest solid (rock matrix) pixel and the medial axis is the set of points
which have more than one closest point on the pore wall. A circle centered on the
medial axis with radius equal to the Euclidean distance at its center will touch the
pore wall in at least two separate places. Therefore we consider the centers of the
pore elements to be constrained to the medial axis and we define the pore element
radius from the value of the Euclidean distance map at the center of the element.
The boundaries between elements are approximately perpendicular to the me-
dial axis of the pore space and the links between element centres capture the
pore space topology. We consider links between elements because we wish to char-
acterise the connectivity of the pore space for flow modelling. The methodology
assumes that the principal direction of flow is parallel to the medial axis. The
elements are identified in sequence from largest to smallest such that largest pore
bodies are captured first and represented by a minimal number of elements.
The process of discretising the pore space is conceptually similar to extract-
ing a pore network from imaging data. Therefore, we could use an existing pore
network extraction algorithm such as the maximal ball method (Silin and Patzek,
2006), a medial axis method (Lindquist et al., 1996) or a watershed algorithm
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(Rabbani et al., 2014). However, we have potentially large and complex images to
analyse, therefore we have designed a discretisation algorithm that incorporates
elements from existing methodologies but most importantly is pragmatic and ef-
ficient. Starting from a segmented binary image, the algorithm is summarised as
follows:
1. Calculate the Euclidean distance map of the pore space.
2. Calculate the ridge points of the Euclidean distance map.
3. Construct a set of inscribed circles centered on the ridge points.
4. Assign each pixel to a pore space element.
5. Identify the connections between pore space elements.
Figure 6 illustrates the process for a simple test case.
Fig. 6 Pore space discretisation: (a) binary image with pore space in black (b) Euclidean
distance map in red shading and ridge points in green (c) inscribed circles centered on ridge
points (d) boundaries between pore space elements in yellow and connections between elements
in green
To calculate the Euclidean distance map, we use an efficient algorithm due to
Borgefors (1984).
Next we identify the ridge points of the Euclidean distance map which is an
approximation of the skeleton or medial axis. We use a very efficient, straightfor-
ward criterion which defines a ridge point based on approximating the curvature
or second derivative of the Euclidean distance. In particular, a pixel is defined as
a ridge point if it satisfies:
8Ei −
8∑
j=1
Ej > 3
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Where Ei is the Euclidean distance of pixel i and the sum is over the eight neigh-
bours of the pixel. The value 3 is used because this is required to identify the ridge
points in a rectangular area with side length equal to an even number of pixels.
Note that for a general shape, the ridge points are not necessarily continuous and
single pixel width. Figure 6b highlights the ridge points in green.
From here, we limit the search to the identified ridge points. We find the
maximum value of the Euclidean distance map, construct a circle of radius equal
to that Euclidean distance and then remove those ridge points inside the circle
plus an extra tolerance (1.25 times the circle radius). Then find the next largest
value of the Euclidean distance map and repeat the process until there are no
remaining ridge points. At this point the pore space is covered by circles although
there can be both gaps and overlaps (Figure 6c). The balance between overlap
and gaps is controlled by the tolerance factor. If the factor is greater than 2, there
is guaranteed to be no overlap and if the factor is less than 1 there will be no
gaps. Based on the images we have analysed, we find that a value of 1.25 generally
achieves a reasonable compromise with, on average, the distance between circle
centers being close to the sum of the radii.
Now we partition the pore space and assign each pixel to a pore space element.
To do this we start at the centre of each element and search all connected pixels
to a maximum distance of three times the element radius. Each pixel is assigned
to the element with the smallest value of Eij − rj where Eij is the Euclidean
distance from pixel i to the center of element j and rj is the radius of element j.
This criterion ensures that:
1. where circles overlap, the boundary between elements passes through the in-
tersection points, and
2. where there is a gap, the boundary between elements passes through the mid
point of the shortest line connecting the circles’ circumferences.
Boundaries of pore space elements are shown in yellow in Figure 6d.
Finally, we identify connections between pore space elements based on the
interface between pixel regions belonging to different elements. A connection is
created between two elements if the interface length is greater than the harmonic
mean of their radii. This criterion ensures that small interfaces do not create
spurious connections that would not honour the topology. Connections between
elements are shown in green in Figure 6d.
Figure 7 shows the pore space discretisation of extracts from three SEM images.
3.2 Results
Figure 8 shows the pore size distribution from the high resolution images.
A comparison between the high resolution and downscaled images for plug 130
is shown in Figure 9.
Here, we are plotting the complementary cumulative probability distribution
Φ(r) = Pr(R > r) as a function of r. The high resolution images have a better
spatial resolution than the downscaled images, the minimum resolved pore size
is smaller and therefore we see the pore size distributions shifted to the left. Ac-
counting for this effect, there is good qualitative agreement between distributions
from the two SEM imaging strategies.
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Fig. 7 Pore space characterisation. SEM image (left) and pore space element discretisation
of binary image (right). Plug 44 (top), plug 130 (middle) and plug 77 (bottom).
In all cases, we observe a linear relationship between log(Φ(r)) and log(r) at
small radii (Pareto Type I distribution) with an exponential cut-off at larger radii.
We have fitted the data to a cumulative probability distribution function of the
form:
Φ(r) =
(
r
r0
)α
exp
(
−
(
r
r1
)n)
Where α is the slope parameter or scaling index, r0 is a parameter controlling the
lower limit of the distribution, r1 controls the position of the cut-off and n controls
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Fig. 8 Cumulative pore size distribution from high resolution SEM images
the shape of the cut-off. The fitted parameters are given in Tables 2 and 3. The
final columns in these tables give a measure of goodness of fit in terms of the root
mean square error (RMSE) of the logarithm of the cumulative probability.
The differences between the pore size distributions of different samples are due
to geological variations in grain size, silt content, cementation and clay content.
Grain size is a primary control on permeability and porosity is controlled by cemen-
tation and silt content (Cannon and Gowland, 1996; Gowland, 1996; Akpokodje
et al., 2017). Within the Fulmar, the Middle unit was deposited in the highest
energy environment and has the largest grain size. Samples 44 and 93 from the
Middle Fulmar exhibit larger pore sizes consistent with lower silt and clay content.
Samples 77 and 124 from the Lower Fulmar have smaller pore sizes consistent with
smaller grain size, higher silt content and a lower energy depositional environment
(Gowland, 1996).
Table 2 High resolution images: pore size distribution parameters
Sample r0 r1 α n RMSE
(micron) (micron)
44 0.172 14.5 1.25 1.84 0.040
77 0.172 2.86 1.32 0.94 0.049
130 0.172 5.54 1.31 1.31 0.049
210 0.172 13.2 1.33 1.88 0.070
367 0.172 5.78 1.59 1.34 0.060
Figure 10 shows a plot of the slope parameters α from all images. We see that
the downscaled images give systematically lower slope parameter. We suspect this
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Fig. 9 Comparison of pore size distribution from high resolution and downscaled SEM images:
plug 130
Table 3 Downscaled images: pore size distribution parameters
Sample Image r0 r1 α n RMSE
(micron) (micron)
5 1 0.270 7.45 1.09 1.05 0.072
5 2 0.270 7.52 1.08 1.14 0.062
44 1 0.270 15.80 1.01 1.24 0.032
44 2 0.270 15.17 0.99 1.29 0.029
77 1 0.270 5.09 1.04 1.22 0.063
77 2 0.270 4.88 1.01 1.15 0.073
93 1 0.270 14.01 0.98 1.27 0.031
93 2 0.270 12.62 1.08 1.23 0.055
124 1 0.270 2.47 0.94 1.10 0.048
124 2 0.270 2.66 0.97 0.96 0.070
130 1 0.270 6.28 0.98 1.50 0.035
130 2 0.270 4.88 0.92 1.23 0.036
167 1 0.270 10.04 1.00 1.44 0.028
167 2 0.270 11.80 1.06 1.56 0.045
200 1 0.270 8.35 1.06 1.46 0.044
200 2 0.270 5.94 0.90 1.01 0.029
210 1 0.270 11.99 0.99 1.16 0.033
210 2 0.270 13.58 1.01 1.30 0.037
367 1 0.270 9.52 1.20 1.35 0.086
367 2 0.270 9.74 1.15 1.43 0.087
is due to imaging limitations and some residual noise in the highest magnification
images. These effects result in erroneous extension of the pore size distribution to
the smallest radii i.e. parameters r0 and α should both be larger. We have more
confidence in the high resolution images because they were obtained with a more
advanced SEM instrument.
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Fig. 10 Slope parameter or scaling index of the pore size distribution for all plug samples
Figure 11 compares the cumulative pore size distribution from image analysis
with the pore throat size distribution calculated from drainage air-brine capillary
pressure data. For the SEM images, we are simply plotting the cumulative area
fraction of pore elements less than a given radius. To make a more valid compari-
son, we have added the microporosity (radii below 0.1 µm) on to the SEM image
analysis distribution. There is fair agreement between the datasets. The image
analysis tends to shows larger pore sizes, particularly for plug 77, this is partly
because the drainage capillary pressure is controlled by pore throats and therefore
under-estimates the radius associated with a given saturation. Discrepancies could
also be explained by heterogeneity within the samples since the capillary pressure
was measured for the whole core plug.
To compare SEM image analysis with the measured air permeability of the
plug samples we have calculated a radius which is characteristic of the largest pores
which control permeability. Katz and Thompson (1987) show that permeability
is related to the square of a characteristic length which is close to the size of
the largest pores and can be obtained from the inflection point on the capillary
pressure curve. Here, we obtain a characteristic radius from the fitted pore size
distribution which includes an exponential cut-off which characterises the tail of
the distribution. The parameter r1 is not suitable for this purpose because it
depends on the cut-off shape parameter n. Instead, we choose rx to be the radius
where the exponential cut-off reduces the cumulative probability to one tenth of
the value it would have without the cut-off.
exp
(
−
(
rx
r1
)n)
= 0.1
Thus:
rx = r1(− log(0.1))1/n
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Fig. 11 Pore size distributions from SEM image analysis and air-brine capillary pressure data
The factor of one tenth is arbitrary and does not have any physical significance
and therefore, we do not claim to predict permeability directly. Rather, we obtain
a parameter that is closely related to permeability.
Figure 12 shows a plot of φr2x against the measured air permeability. A clear
trend is evident with higher permeability samples having a higher value of φr2x.
Plug 210 is an outlier; the SEM image analysis would suggest that the perme-
ability is higher than has been measured. The image porosity for plug 210 is also
higher than expected (Figure 5), therefore we suspect there is some low poros-
ity/permeability heterogeneity within the core plug which is not captured by the
SEM imaging.
The frequency distribution of coordination numbers for the high resolution
images is shown in Figure 13. For coordination numbers greater than 2, we ob-
serve an exponential behaviour where the probability of coordination number Z
is P (Z) ∝ exp(−aZ) and the constant a is 0.5 to 0.7. This is contrary to the
HPA type model proposed by Santiago (2008) for soil pore structures, which has
a power law behaviour with scale free character.
For a given element radius, we find that the coordination number is close to a
normal distribution. The mean and standard deviation of the coordination number
increase with radius as shown in Figures 14 and 15.
We have fitted the mean and standard deviation of the coordination number
to power law relationships of the form:
Zmean(r) = Ameanr
β
and
Zstdev(r) = Astdevr
β
16 Scott et. al.
Fig. 12 Parameter φr2x from image analysis vs measured core plug air permeability
The overall mean coordination number Zmean, the parameters Amean, Astdev and
β are given in tables 4 and 5. The final columns in these tables give the root mean
square error (RMSE) of the logarithm of the mean coordination number.
Table 4 High resolution images: coordination number parameters
Sample Zmean Amean Astdev β RMSE
44 2.2112 3.24 1.12 0.33 0.027
77 2.0645 3.42 1.21 0.38 0.030
130 2.1082 3.13 1.11 0.37 0.030
210 2.2352 3.39 1.23 0.36 0.023
367 2.0855 3.52 1.20 0.42 0.027
A comparison between the high resolution and downscaled images for plug 130
is shown in Figure 16. There is good agreement in the mean coordination number
between the imaging strategies.
4 Pore Space Modelling
4.1 Methodology
Here, we present a stochastic algorithm to generate pore networks based on the
pore space characterisation information above. The motivation for this is to over-
come the trade-off between resolution and field of view in micro-CT imaging. In
order to represent complex sandstones such as the Fulmar and Skagerrak, it is nec-
essary to capture pore sizes ranging by about three orders of magnitude (e.g. 0.1
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Fig. 13 Coordination number frequency distribution for high resolution images
Table 5 Downscaled images: coordination number parameters
Sample Image Zmean Amean Astdev β RMSE
5 1 2.5456 3.19 1.04 0.37 0.049
5 2 2.5577 3.20 1.03 0.39 0.036
44 1 2.5952 3.17 1.03 0.34 0.047
44 2 2.5956 3.08 1.05 0.33 0.048
77 1 2.4715 3.09 1.09 0.40 0.041
77 2 2.4979 3.06 1.03 0.38 0.047
93 1 2.5682 3.09 1.04 0.33 0.040
93 2 2.5444 3.05 1.02 0.37 0.033
124 1 2.4556 3.17 1.01 0.39 0.055
124 2 2.4430 3.16 1.06 0.37 0.059
130 1 2.5251 3.05 1.00 0.37 0.030
130 2 2.5122 3.02 1.03 0.38 0.029
167 1 2.5726 3.07 1.04 0.36 0.036
167 2 2.5673 3.05 1.03 0.36 0.037
200 1 2.5267 3.06 1.02 0.37 0.038
200 2 2.5339 3.05 1.00 0.35 0.040
210 1 2.5709 3.06 1.05 0.33 0.046
210 2 2.5711 3.08 1.04 0.32 0.049
367 1 2.5362 3.34 1.06 0.38 0.053
367 2 2.5252 3.22 1.07 0.35 0.051
µm to 100 µm) and the network should cover a representative elementary volume
(REV) which is likely at least an order of magnitude larger than the largest pore
size i.e. greater than 1 mm. It is challenging to image such a volume at sufficient
resolution. Hence, an attractive option is to generate a statistically representative
pore network using statistical information from SEM imaging. In principle, such
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Fig. 14 Mean coordination number as a function of element radius for high resolution images
an algorithm can generate networks of arbitrary size with an arbitrary ranges of
pore sizes.
Our stochastic algorithm incorporates some ideas from the weighted planar
stochastic lattice (WPSL) (Hassan et al., 2010). A WPSL is a space filling cellular
structure on a rectangular domain. To construct a WPSL, we start with a rect-
angle and apply a generator that randomly divides it into four smaller rectangles.
Then we repeatedly apply the generator to one of the available rectangles chosen
preferentially with respect to their areas.
The general WPSL can result in many rectangles with extreme aspect ratios,
therefore we consider the more specialised construction which is limited to squares.
The starting point is a square domain and on each iteration we choose one square
at random and divide it into four equal squares. It is clear that the number of
squares increases by 3 on each iteration. After any number of iterations we can
construct a network from the dual graph i.e. by placing a node at the center of each
square and constructing a bond between any two squares which share a common
border. Figure 17 shows a simple example.
The WPSL has three key properties that make is attractive as a model for
porous media. Firstly, large squares naturally have high coordination numbers and
small squares have low coordination numbers. Secondly, the coordination numbers
of the general WPSL obey a power law distribution P (Z) ∝ Z−γ with γ = 5.66
(Hassan et al., 2010). Thirdly, the recursive process naturally fits into multiscale
pore structure hierarchies. These, properties are similar to but do not perfectly
match our pore space characterisation, therefore we consider a modification of the
WPSL where not all squares are occupied by nodes. This enables us to modify the
coordination number of pore elements to match characterisation data.
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Fig. 15 Standard deviation of the coordination number as a function of element radius for
high resolution images
The stochastic algorithm also has some similarities with the multiplicative
cascade algorithm (Verscheure et al., 2012). We divide the domain recursively
and we assign features from a power law distribution. However, we also wish to
explicitly honour connectivity/topological information which is not addressed by
Verscheure et al. (2012).
To generate a network representing the pore space of a real complex sand-
stone, we need to honour some key information. In particular, we honour the pore
element size distribution and connectivity information in the form of the pore el-
ement coordination number distribution as a function of pore radius. From image
analysis, we have also determined the links between elements and we can define
the radius of a link as equal to the minimum of the two connected element radii.
In this way we can determine the distribution of the link radii.
The connectivity function is known to be important for controlling multi-phase
flow behaviour (Vogel and Roth, 2001). Here, it is simple to show that the con-
nectivity function is given by:
χA(r) =
Ne(r)−Nl(r)
A
Where Ne(r) and Nl(r) are the numbers of elements and links with radii greater
than r inside an area A. Our definition of link radius means that a link with radius
greater than r will always be connected to two elements with radii greater than r.
This means that we can construct a straightforward algorithm that honours the
connectivity function as well as the coordination number information.
The algorithm starts with domain of a given size and inserts a given total
number of elements into the domain. In this work we have generated networks of
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Fig. 16 Comparison of mean coordination number for high resolution and downscaled SEM
images: plug 130
size equal to the SEM images from which the statistics were obtained and we know
the total number elements from the image analysis. Alternatively, the number of
elements could be determined from a target porosity because the distribution
of element radii is given and the area of an element is proportional to its area.
Analysis of our SEM images shows that the proportionality factor is between 3.7
and 4.0.
The algorithm takes some ideas from published stochastic pore network gener-
ation algorithms. In particular, we start at the largest pore size and progressively
add elements into the network in a way that honours the connectivity function
as per Jiang et al. (2012). We also assign a target coordination number to each
element and decrement the target each time the element is linked to another one
as per Idowu and Blunt (2008). Unlike these existing algorithms, we do not assume
that pore elements are uniformly randomly distributed in space. As shown below,
this is a poor assumption for complex sandstones because the pore elements are
actually spatially clustered. This is a key motivation for using the WPSL con-
struction because the WPSL enables smaller pore elements to be located in the
proximity of existing (larger) pore elements and linked to them in a systematic
way.
The complete stochastic algorithm is as follows:
1. Start with a rectangular domain of given size.
2. Calculate the minimum and maximum pore radii of interest, rmin and rmax.
3. Let the given total number of elements be Ne,total. Construct an array of
Ne,total elements where each element has a radius sampled from the distribu-
tion and a target coordination number zi sampled from the distribution based
on its radius.
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Fig. 17 Weighted planar stochastic lattice limited to square structures: (a) domain divided
into four squares (b) after the second iteration (c) after five iterations (d) the resulting network
or dual graph in blue
4. Calculate the total number of links Nl,total =
1
2
Ne,total∑
i=1
zi and construct an
array of links where each link has a radius sampled from the distribution.
5. Divide the domain into squares of side length Lmax > rmax.
6. Set r = rmax.
7. Calculate the number of elements and links with radii between r and r/2;
Ne = Ne(r/2)−Ne(r) and Nl = Nl(r/2)−Nl(r).
8. Position the Ne elements and Nl links in order of radius, starting with the
largest. For each element, if there exists a link with a radius smaller than the
element but larger than the next smallest element then position this element
at the center of a square adjoining an existing (i.e. larger) element chosen at
random and assign the link to the pair of elements. If there is no such link,
then position the element at the center of a randomly selected square that does
not adjoin any existing elements.
9. In the previous step, when we need to position an element adjoining an existing
one, the probability of choosing each one of the existing elements is propor-
tional to its target coordination number and when a link is created, the target
coordination numbers of the two linked elements are each decreased by one.
10. Divide each of the unoccupied squares into four equal squares.
11. Set r = r/2.
12. If r > rmin go to step 7.
A simple illustration of the procedure is illustrated in Figure 18.
In step 5 we need to choose a value of Lmax. It should be clear that the
ratio Lmax/rmax controls the average overlap or gap between element radii. If
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Fig. 18 Stochastic pore network generation: (a) divide the domain into squares and insert
elements with radii between rmax and rmax/2 (b) divide each of the unoccupied squares into
four and insert elements with radii between rmax/2 and rmax/4, if there exists a link with
radius larger than the next smallest element, then position the element adjacent to an existing
one and link them
Lmax/rmax > 2 then there will be no overlap and if Lmax/rmax < 1 there will be
no gaps. In the pore space characterisation we used a tolerance factor of 1.25 when
deleting ridge points from the Euclidean distance map. To be consistent with this
methodology we choose Lmax/rmax = 1.25.
The algorithm proceeds by dividing the pore size distribution into a geometric
progression with a common ratio of a half. At each iteration we insert elements of
appropriate radii into squares of similar size. Step 8 tries to insert Ne elements and
Nl links at each iteration. For the first few iterations, generally Ne is much greater
than Nl and therefore most large elements are positioned in randomly selected
squares not adjoining existing elements. These elements will be linked to smaller
elements in later iterations. In the last few iterations, generally Ne is less than
Nl and therefore most small elements are positioned adjacent to existing (larger)
elements and linked to them. If an element is, by chance, positioned adjacent to two
or more existing elements then links are inserted between all the adjacent elements.
In all cases the largest radius unassigned link is used. The algorithm tends to
result in the element and link arrays being assigned in parallel which ensures that
the connectivity function is honoured. Throughout the process, the radius of the
largest unassigned element is close to the radius of the largest unassigned link. This
means that the radius of a link will be close to the minimum of the two connected
element radii, which is consistent with the definition of the link radius given above.
If the link array is exhausted before the element array then the last few elements
are positioned without linking to any existing elements. If the element array is
exhausted before the link array then the last few links are discarded.
When an element is positioned in a square adjacent to an existing element
we need to choose a particular location for the element. If the existing element
is linked to zero, two or more other elements, we choose the location at random
from the unoccupied squares. However, if the existing element is linked to just
one other element, we assign a higher probability to the sites on the opposite side
Multi-scale image based pore space characterisation 23
of the square. This makes it more likely that the angle between the links will be
close to 180° rather than 90° or 270°. Using our pore space characterisation of
SEM images, we have examined elements that have a coordination number of 2
and measured the angle, θ, between the links. We find that Pr[135° < θ < 225°] is
approximately 75%. Therefore we assign a probability of 75% to the opposite side
of the square and a probability of 12.5% to each of the adjacent sides.
Step 9 tries to honour the coordination number distribution as a function
of element radius. Generally, we find that the target coordination numbers are
satisfied. If an element has its target coordination number reduced to zero then it
cannot be chosen as an adjoining element in step 8. However it could, by chance be
linked to a new element which is positioned adjacent to another element. In this
way, some coordination numbers are over-satisfied and some are under-satisfied.
But this only affects a small percentage of the elements.
The process is complete when the minimum radius is reached and the element
array is exhausted. At this point, not all lattice squares will be occupied and there
may be some elements which are not connected to any others.
4.2 Results
Using the algorithm described above, we have constructed 2D stochastic networks
representing three core plug samples.
The key input data for this process are the parameterised pore element radius
distributions (Figure 8 and Table 2) plus the mean and standard deviation of
the coordination number as a function of element radius (Figures 14 and 15).
We also need the pore link radius distribution where the link radius is defined as
the minimum of the two connected element radii. Analysis of the pore elements
from SEM images, shows that the link radius distributions are very close to the
element radius distributions with the parameter r1 decreased by a factor of 0.7
to 0.8. Lastly, we define a rectangular domain which is the same size as the SEM
image from which the statistics were obtained and define the total number of pore
elements to be the same number as identified from the SEM image. This assumes
that the SEM images are representative of the plug samples that were imaged.
Extracts from the generated stochastic networks are shown in Figure 19.
To validate the stochastic network algorithm, we have analysed some important
statistics from the stochastic networks in comparison the pore element networks
from SEM.
Firstly, Figure 20 compares the frequency distribution of coordination numbers
for plug 130. We obtain a good match with the data from the SEM analysis.
This is not surprising because the stochastic algorithm uses the element radius
distribution and the mean coordination number as a function of radius therefore
we should expect to reproduce the coordination number frequency distribution.
Secondly, we wish to analyse a measure of network connectivity. As the net-
works are 2D and the mean coordination number is around 2, we don’t generally
have large scale connectivity. However, smaller scale connectivity is determined
by the clustering of elements. As a proxy for connectivity, we have analysed the
number of element clusters of a given size as a function of the cluster size (Figure
21). This shows a power law behaviour with a scaling exponent of about 2. The
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Fig. 19 Comparison between stochastic pore networks and pore element discretisation of SEM
images: plug 44 (top), plug 130 (middle), plug 77 (bottom)
stochastic network shows a discrepancy for very small cluster sizes, in particu-
lar there are more isolated elements (cluster size = 1) in the stochastic network.
Otherwise, the stochastic network agrees well with the SEM image analysis. This
gives us some encouragement that extending the procedure to 3D would generate
networks with realistic spatial clustering.
Finally, we have examined the spatial distribution of pore elements. We divide
the domain into square tiles or subregions such that the average number of elements
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Fig. 20 Coordination number frequency distribution, comparison between stochastic pore
network and SEM image network for plug 130
per subregion is 5. Then we count the actual number of element in each subregion
and plot the number of subregions containing a given number of elements (Figure
22). If the elements were uniformly randomly distributed, then this should be very
close to a Poisson distribution with a mean of 5. Existing stochastic pore network
algorithms presented by Idowu and Blunt (2008) and Jiang et al. (2012) assume
that network nodes are uniformly randomly distributed in space, however Figure
22 shows that this is not a good assumption for complex sandstones. In particular,
the number of subregions which contain zero elements is about 100 times larger
than would be expected if the elements were uniformly randomly distributed. Our
stochastic algorithm achieves a much more realistic spatial distribution of pore
elements. This suggests that extending the algorithm to 3D will generate networks
with a realistic spatial distribution of elements. Figure 22 shows that the algorithm
under-predicts the number of subregions that contain a large number of elements.
For example, the number of subregions containing 40 elements is under-predicted
by a factor of about 20. The number of elements affected is approximately 0.3%
of the total and we do not consider this to be significant.
5 Conclusions
We have use multi-scale SEM imaging to analyse the pore space geometry and
topology of ten core samples from a sandstone reservoir. We use multi-scale imag-
ing because it provides a much wider range of pore size information. The reservoir
was buried to depths up to 3000 m and subjected to extensive diagenesis which
has resulted in a composite pore space with a wide range in pore sizes from 0.01
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Fig. 21 Element cluster analysis, comparison between stochastic pore network and SEM
image network for plug 130
µm to 100 µm. Although, we did not directly predict permeability and capillary
pressure from the images, we found that rock property characteristics determined
from 2D imaging using the proposed methods have a good relation with laboratory
measured properties such as permeability and capillary pressure data.
Despite the combination of multiple complex processes influencing the pore
space architecture, we find that pore size and connectivity measures such as coor-
dination number show some regular character that can be represented by mathe-
matical models.
The pore size distribution of each sample can be fitted to a modified power law
(Pareto) distribution with an exponential cut-off at large radii. Based on analysis
of 2D SEM images, the power law scaling index varies from 1.2 to 1.6.
We observe the frequency distribution of coordination numbers follows an ex-
ponential model where P (Z) ∝ exp(−aZ) for some constant a. This is contrary
to the power law model with scale free character proposed by Santiago (2008) for
soil pore structures.
For a given pore size, the coordination number is approximately normally dis-
tributed. The mean and standard deviation of the coordination number are power
law functions of pore radius, where the scaling exponent varies from 0.3 to 0.5.
We have presented a stochastic algorithm to generate a pore network in 2D
based on pore size distributions and pore coordination number as a function of
pore radius. The stochastic algorithm incorporates the concept of a weighted pla-
nar stochastic lattice which is a construction that naturally leads to scale-free char-
acter with power law behaviour. The algorithm honours the coordination number
frequency distribution and the connectivity function. The algorithm also repro-
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Fig. 22 Spatial distribution of elements, comparison between stochastic pore network and
SEM image network for plug 130
duces the clustering of pore space elements observed in SEM images and close to
a realistic spatial distribution of elements.
In further work, we plan to extend the pore space characterisation and stochas-
tic algorithm to 3D. We will generate 3D stochastic pore network models based
on 2D statistical information with 3D connectivity validated by 3D data. We in-
tend to model relative permeability from quasi-static pore network simulations
and compare with measured data.
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6 Nomenclature
Amean Proportionality factor in the relationship between Zmean(r) and r
Astdev Proportionality factor in the relationship between Zstdev(r) and r
E Euclidean distance
Ei Euclidean distance of pixel i
n Exponent of rr1 in the pore size probability distribution
Ne Number of elements
Ne(r) Number of elements with radius greater than r
Ne,total Total number of elements
Nl Number of links
Nl(r) Number of links with radius greater than r
Nl,total Total number of links
r Radius of element
ri Radius of element i
rmin Minimum element radius
rmax Maximum element radius
r0 Pore size distribution parameter, near the minimum radius
r1 Pore size distribution parameter, near the maximum radius
rx Characteristic radius of largest pores which control permeability
Z Coordination number
Zi Coordination number of element i
Zmean Mean coordination number
Zstdev Standard deviation of the coordination number
α Scaling index in the pore size probability distribution
β Scaling index in the relationship between Zmean(r) and r
φ Porosity
χ Connectivity function
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A Downscaling Procedure
Downscaling is a procedure we have employed to progressively incorporate information from
high magnification (small field of view) SEM images into a low magnification (large field of
view) SEM image. The resulting image has a high spatial resolution and a large field of view.
The objective of this is to reduce the time required to characterise a complex pore space from
SEM imaging. Images with a high spatial resolution and a large field of view can be acquired
directly, but the acquisition time is typically several hours. The alternative is to acquire a
sequence of images of progressively higher magnifications, with the same image resolution,
then apply the downscaling algorithm to add information from the later (higher magnification)
images into the first (lowest magnification) image. In particular, we use a sequence of images
where each image has twice the magnification of the previous one. Each image can typically
be acquired in a few minutes and therefore this process is significantly faster than acquiring a
single high resolution image. The underlying assumption is that the pore structure detail (e.g.
distribution of fine structure clays or cements) captured in the high magnification images is
homogeneously distributed in the lowest magnification image.
Each stage of the downscaling process refines each pixel in the target binary image into
2Ö2 pixels based on the neighbourhood of 3Ö3 pixels. One stage is illustrated in Figure 23.
Two images are required as input for each downscaling stage. The first is the source image
which covers the required field of view but at a low spatial resolution. The second is a training
image which has twice the spatial resolution of the source image but does not cover the field
of view. The training image is coarsened by taking the arithmetic mean of each 2Ö2 pixel
group to generate an image of the same spatial resolution as the source. The original and
the coarsened training images are then segmented using the same threshold value to generate
binary images. The two binary images are compared to calculate a probability matrix {pij}
where pij is the probability of the fine scale 2Ö2 state i given the coarse scale 3Ö3 state j with
i = 0, 1, 2, 3, ...24 − 1 and j = 0, 1, 2, 3, ...29 − 1. The probability pij is conditional of the state,
j, therefore we must satisfy:
15∑
i=0
pij = 1 ∀j
For example, on the left in Figure 24 is part the coarse scale training image and the
equivalent part of the fine scale training image is on the right. With pixels ordered in rows
32 Scott et. al.
Fig. 23 One stage of the image downscaling process: the source image is downscaled using
higher spatial resolution information from the training image
Fig. 24 Pixel states: part of the coarse training image showing state j = 39 (left) and equiv-
alent part of the fine training image showing state i = 2 (right)
starting from the top left, taking black=1 and white=0, the left hand state, j, is 000100111
(binary) = 39 (decimal) and the right hand state of the central 2Ö2 pixels, i, is 0010 (binary)
= 2 (decimal). The probability pij = p2,39 is calculated from the number of occurrences of
these patterns in the training images.
The probability matrix {pij} has 24 × 29 = 8192 elements, however the number of in-
dependent elements is only 1236 due to symmetry. The statistics for mirror symmetric and
rotational symmetric states are combined in the algorithm.
If a certain state is not present in the training image then we use the value of the central
pixel in the 3Ö3 group to determine all four of the pixels in the downscaled image. If the
central pixel is black, then pij = 1 for i = 15 and pij = 0 otherwise. If the central pixel is
white, then pij = 1 for i = 0 and pij = 0 otherwise.
Having calculated the probability matrix from the training image, we apply it to the
source binary image to generate the result image. We calculate the state, j, of each 3Ö3 pixel
neighbourhood in the source image and then randomly choose one of the states for the central
pixel 2Ö2 refinement where the probability of choosing each state i is pij .
Finally, we repeat the downscaling using a sequence of training images of progressively
higher spatial resolution. The overall result is a single binary image with high resolution and
a wide field of view.
